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Why care about conditional independence?

Does X tell us anything about Y once we know Z7?

X 1Y | Z iff PXY|Z — PX|Z 0 Py|Z, Z-almost surely



Comparing distributions

A problem in its own right: “two-sample testing” or Mu Zhu’s talk yesterday.

For this talk, a building block.




Maximum Mean Discrepancy

Assume a kernel k on X with RKHS # and feature map ¢(z) = k(z, -).
Mean embedding of a distribution P (Berlinet and Thomas-Agnan 2004):

up = Py =Ex.pp(X) = [ e, )dP(@) €H, (up, f)u=Pftor f € H

Can use this to define a distance on distributions (Gretton et al. 2012):

MMD(P, Q) := |[[up — polln = sup (up—pq,f) = sup Pf—Qf.
fill fllw=1 f:) fllx=1

The power function from kernel interpolation has P = §,,Q = ). u;(x)d,.

For a characteristic kernel (Sriperumbudur et al. 2011) (e.g. Gaussian, ...):
P — ppisinjective,so MMD(P,Q) = 0iff P = Q.
Characteristic kernels exist on any Polish space (Ziegel et al. 2024).



MMD in GP form

MMD?(P, Q) = Ex y-.p [k(X, X') + k(Y,Y") - 2K(X,Y)]
Y. Y'~Q

= Esgp(0,k) [(Pf — Qf) 2]

Worst case over the RKHS ball (kernel side) = average case under the GP prior
(Ritter 2000; Kanagawa et al. 2018, sec. 6.1)
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Testing with MMD

e Null hypothesis: P = Q).
e Reject the null hypothesis if MMD(P, Q) is big.

e Test has level « if probability of rejecting is < a when null hypothesis holds.
e Want a test with high power: probability of rejecting when P # Q).

e Candecide on “big” with a permutation test:
= |f P = (,samplesin X and Y are exchangeable.
= Bunch of times: randomly re-assign to P, Q and compute MMD (P, Q).
= Reject if MMD(P, Q) > the 1 — a quantile of (distribution above plus real assignment).
= Gives a level a test (Hemerik and Goeman 2018).

e You should learn a (deep) kernel! (Sutherland et al. 2017; Liu et al. 2020; Wei et al. 2026)



Testing independence

Getting closer to the problem we care about!




Hilbert-Schmidt Independence Criterion

X11Y iff Pxy = Px ® Py MI(X,Y):KL(P“PxéK)Py)

Take kernelskx on X, kyon V; kx ® ky isakernelon X x ).
Its RKHS is HX X HY = HS(HY, HX) Then (Gretton et al. 2005, 2012; Kanagawa et al. 2018)

HSIC(X,Y) : = MMD} ;. ( Pxv, Px ® Py)

2
= HPXY(SOX ® py) — Pxpx ® PYSOYHHS
“
Cxy has (f,Cxyg)=Cov(f(X), g(Y))

= Es~gP(0,kx) [COV(f (X), Q(Y))z]
gNgP(OakY)



Testing with HSIC

o H/SI\Cn = #(KX,HKYI-I)Ffor centring matrix H = I — l11T:O(n2) time.

n

e Can use same permutation idea: shuffle the Y's. Test has level a.
o If X 1l Y,then H/SI\Cn = 0,(1/n).
e IfHSIC > 0, then H/SI\Cn — HSIC > 0 so power — 1.

e |n practice, you should learn a (deep) kernel! (Xu et al. 2026)



Testing conditional independence

The problem we care about... and where things get tough.




Kernel Conditional Independence criterion

X1Y|Z iff Pxyz=TIu(Pxyz)
for IIci(P)(dz,dy,dz) := Pz(dz) Px|z—.(dz) Py z—.(dy)

Iy is the unique Cl law matching (X, Z) and (Y, Z) marginals pawid and Lauritzen 1993; Massa
and Lauritzen 2010). It minimizes KL(Pxyz || Q) over Cl laws @, and

CMI(X;Y | Z) = KL(P| O P).
We can define (this version from He et al. (2026); original quantity from Zhang et al. (2011))

KCI(X,Y | Z):= MMD?__, .. (PXYZ, HCI(PXYZ))

— IE':J”NQP(O,kx) [(EZNPZ [w(Z) COVPXle(f(X)’ g(Y) | Z)] ) 2]

gNgP(OakY)
ngP(OakZ)



KCI characterizes Cl

Theorem (He et al. 2026) For bounded continuous kernels on Polish spaces, the
following are equivalent:

e KCI =0ifandonlyif X 1L Y | Z.

e kx, ky are characteristic, and k is integrally strictly positive definite.

e For bounded kernels, KCI < ¢ - CML.

e If wetake kx, ky linearand kz = 1, we get (square of) the population target of
GCM, E Cov(X,Y | Z) (Shah and Peters 2020).

e fweusekz = w ® w, get weighted GCM (Scheidegger et al. 2022).



Conditional mean embeddings (CMEs)

Have Ilci(P)(vox @ oy ® wz) = Eyz [,UX|Z(Z) R py|z(Z) ® ‘PZ(Z)] :
USing the conditional mean embedding (Song et al. 2009; Griinewilder et al. 2012; Park and Muandet 2020)

uxiz(2) =Elpx(X) | Z=2 € Hx,  (uxiz(2), f) =Ef(X) | Z =]

So, subtracting and conditioning on Z,

2

KCI = | Pxyz|(¢x(X) — px12(2)) ® (v (¥) = py(2(2)) ® 02(2)

Using (K% )i = (px (%) — px1z(2:), px(x;) — mxz(2;)), natural estimator

KCL, = ———— S (K2)ii(K$)ii(KS)is
n(n — 1) vy




Testing with KCI

e Unfortunately we can’t do exact permutation tests: only have one sample per Z.
e Under Hy, KCI,, = O,(1/n); test threshold has scale 1/n.

= Can estimate threshold with wild bootstrap (or use concentration inequalities).
o IfKCI > 0,then KCI,, — KCI > 0: the test is consistent.
e S0, all good... except that we don’t know the CMEs!



Estimating CMEs

uxiz() = Elpx(X) | Z =

One option: conditional generative model to sample from X | Z = z; then use Monte
Carlo. Called (approximate) “Model-X” (Candes et al. 2018).

Another: regression from z € Zto px(X) € H x (Griinewalder et al. 2012).

fix)z(2 Zﬂz 2) px(x B(2) = (Kz +mA) ' kz(2).

e We only need (fi(z), fi(z")) = B(z) ' K x B(z'): can evaluate everything.

e Rates (Liet al. 2022, 2024): In the best case (with characteristic kx) convergence is
m 14, worst case can be arbitrarily slow.



KCI with estimated CMEs

Just plug fi x|z and fiy|z into KCL,: call this ﬁn Use wild bootstrap.
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Is this task even possible?




No free lunch (Shah and Peters 2020)

e X,Y,Z ~ Unif|0, 1| independent Z
e [ :=100th decimal digit of Z A
X/
e X':= X butfirstdigit D; Y’ likewise '
e X' Y Y' butX' LY'|Z Y’
Zl

o 7':=Z with the 100th digit re-randomized; X' _

.47182
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Y'| Z'
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No free lunch (Shah and Peters 2020)

Theorem (Shah and Peters 2020, Corollary 3) For M € (0, o], let £ be the laws
on (—M, M)? with a Lebesgue density. Let P C € be thosewith X 1l Y | Z,
and Q = &\ P the rest.

If (¢5,) has uniformly asymptotic level a over P, then lim sup,, Q™¢,, < «a for
every Q € Q.



Okay, but, who cares about the 100th decimal place?

e Thisis obviously a pathological construction.

e But what s it, really? It’s a conditional law PX|Z that regression can’t learn from
finite data. Hard to estimate p x|z means hard to test.

* For KCl this is exactly the failure mode: the only unknowns are p x|z, py|z. With
them, validity is one line of Hoeffding; without them, nothing is guaranteed.

e |[f we assume PX|Z known (Model-X), everything is fine. If it’s wrong, Type | error
inflates by the conditional total variation error (Berrett et al. 2020).

e So, let’s think a little more about what “possible” means.



It’s actually not so bad




Three kinds of level

Tests are ¥, : V™ — |0, 1] = rejection probability. Over a null class P, (¥,) has

e finite-sample level a: sup,, sup pcp P", < a

e uniformly asymptotic levela: limsup,, supp.p P", < @

e pointwise asymptotic level «: supp.p limsup, P", < o

Each implies the next. Shah and Peters (2020) rule out useful tests with the first two.

Practical tests almost always only claim the third.



A not-so-scary problem

Testing H : EW = 0 among laws with finite variance.

e Bahadur and Savage (1956) show that any test with uniformly asymptotic level
a has lim sup,, Q™,, < a atevery alternative.

e The t-test has pointwise asymptotic level a and is consistent against every
alternative.

e Maybe Cl testing is like this?
= Gyorfiand Walk (2012) claimed yes, but proof was wrong (Neykov et al. 2021).

= Zhangetal. (2011, Prop. 5) would imply yes, but proof sketch was wrong.
= Stated as open by Gyorfi et al. (2023) and Boeken et al. (2026).



Cl testing is scarier...

Theorem (Sutherland 2026) Fix M € (0,00]and L > Ly(M, s). Let P be the
Cl laws with density < L on (—M, M)?, and O the conditionally dependent
ones. If (¥,,) has pointwise asymptotic level @ < 1 over P,

inf limsup Q"v¢, < a.
QEQ noco

The offending null can have a continuous density and a uniformly continuous
conditional law; the alternatives can be taken C'*°.

Corollary. If Q™1,, — 1 for every alternative, then some null P, has lim sup,, P,*v,,
= 1.



...but not too scary

Proposition (Sutherland 2026) Take any D > O with D(P) > 0iff X U Y | Z,

and estimators D,, — D(P) in probability for every P. A partition estimate will
do, or KCI with universally consistent CMEs (Tamas and Csaji 2024).

Then ¢, = o + (1 — &) min{1, D,,/§} has pointwise asymptotic level o,
limiting power a 4+ (1 — &) min{1, D(Q)/d} > « at every alternative, and
Q" — 1 whenever D(Q) > 4.

e Uniform-level Cl tests have power against no alternative (Shah and Peters 2020)
e Pointwise-level Cl tests can have power 1 against some alternatives

e ...but notagainst all alternatives, unlike the t-test



But in practice, it’s still pretty hard.

“Eventually does the right thing” is a really weak guarantee!




Estimated CMEs break the null calibration

Fit tx1z = px|z + Ax and jiy|z = py|z + Ay onindependent data, plugin.
Under Hy, the population value of the plug-in statistic is

KCI = E[’CZ(Z, Z") (Ax(2), Ax(Z"))ux (Ay(2), AY(Z')>HY] # 0

. ,&X|Z is smooth in kz; hopefully [ x|z is too or everything is hopeless.

e So Ax, Ay are smooth functionsin k... and soﬁ might be big.
e Our test calibration is based on KCI,, = O,(1/n).

e Butif KCI > 0, then KCI, = KCI + O,(1/+/n).
e Forfixed regressions, bigger n makes everything worse.

e Can’ttell regression error from real dependence!



How bad? Pretty bad!
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Reducing bias with SplitKCI

Fit two independent CMEs per variable and use (Pogodin et al. 2024)
c ~(1 ~ (2
(K5)i5 = (px(ms) — i),(2), ox(2;) — AG5(27)).
Changes the bias under the null hypothesis to the (smaller)

E|kz(Z,2') (AQ(2), AD (2")x (AD(2), AP (2" |.

Can prove rates work out if the regression is much more precise than the test.
Heuristic to determine split: smallest one thatsays X 1l Z | Z,Y Il Z | Z.
Manages the regression error. Doesn’t fix it.

Ongoing work: “leave-two-out” extension that allows using the same data for training
CMEs and the KCl estimate. Highlights that just throwing away data for KCl is weird...



Fundamentally, what we’re missing is the
uncertainty in a Hilbert-valued regression.




Everythingisabout A = i — u

e Shah and Peters (2020): an adversary puts PX|Z where regression can’t see it.

e Pointwise: even for one fixed law, regression error at small scales can be made to
decay arbitrarily slowly.

e Practice: our null calibration can’t account for regression errors. SplitKCl helps,
doesn’t solve.

e The only kind of validity that is possible - finite-sample or uniform level under an
explicit smoothness class, or pointwise level with an explicit separation d - is also
exactly what uncertainty quantification for the regression would give us.

We need epistemic uncertainty quantification for Hilbert-valued kernel regression.



Hilbert-valued GPs to the rescue?

We’re starting to try modelling u x|z ~ GP:inputs z; € Z, outputs px(z;) € Hx

Calibrate Eﬁn under the A posterior, instead of assuming A = 0
A priori constraintson e.g. 0 < [uxz(2)](x) < 1forall z, z (Holger’s talk yesterday)

Choosing infinite-dimensional priors/likelihoods is hard! Reasonable epistemic
uncertainty in E|[px(X) | Z = 2| needs reasonable aleatoric covariance X x|z

= )\ (a)isn’t even a covariance (not trace-class) and (b) is super wrong
= Definitely varies with z in realistic settings

= Estimatingitis another regression, at least as hard as the first

Maybe there’s a worst-case kernel approximation result that gives a finite-sample-
valid Cl test, under some explicit smoothness class?



Summary

e MMD (P, projection of P onto Hj); unconditional independence is easy
e Conditional independence (KCl) needs a Hilbert-valued regression and is hard
= Can’t have universally uniform level (Shah and Peters 2020)

= Can have pointwise level and consistency against any separated class (new)

= [gnoring rates, only slightly harder than testing a mean

e |n practice, the problem is the regression error

= SplitKCl helps manage, definitely does not solve

= Would probably fix it: honest epistemic uncertainty for Hilbert-valued kernel regression

Consider helping us out! @ - djsutherland.ml


https://djsutherland.ml/
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